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H ' Abstract 
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Open superstrings at non-zero temperature are considered. A novel representation 
for the free energy (Laurent series representation) is constructed. It is shown that the 
Hagedorn temperature arises in this formahsm as the convergence condition (specifically, 
the radius of convergence) of the Laurent series. 
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Superstring thermodynamics [1-4] has attracted considerable attention recently (for a 
general review of strings at non-zero temperature see [1]). One of the main motivations for 
this study is connected with the fact that string thermodynamics can be relevant for the 
description of the very early universe [5]. On the other hand, the essential ingredient of 
string theory at non-zero temperature is the famous Hagedorn temperature, above which 
the free energy diverges. 

According to the most popular viewpoint, the Hagedorn temperature is the critical 
temperature of some phase transition to some new phase (topological string theory? [6]), 
which describes string theory above the Hagedorn temperature. Unfortunately, at present 
there is very little to be said about this new phase of string theory at non-zero tempera- 
ture. In such a situation, it is reasonable to make an additional effort in order to try to 
understand more deeply string thermodynamics below the Hagedorn temperature, before 
becoming involved in the phase transition itself. 

In particular, we still do not understand quite properly the physical origin of the 
Hagedorn temperature or string theory very near the Hagedorn temperature [1-4]. No- 
tice, however, the recent very interesting attempts [7,8] to use string theory at non-zero 
temperature in the presence of world-sheet boundaries [8] , for the description of the high 
temperature limit of the confining phase of large-n SU(n) Yang- Mills theory. 

One can use different representations (in particular, connected with different ensem- 
bles) for the calculation of the string free energy. For example, the microcanonical ensem- 
ble representation for the string free energy is more convenient than the canonical ensem- 
ble representation to investigate string thermodynamics near the Hagedorn temperature. 
However, all the well-known representations for the free energy (see for example [1]) arc 
integral representations, in which the Hagedorn temperature appears as the convergence 
condition in the ultraviolet limit. In order to discuss the high-temperature or the low- 
temperature limits in such representations one must expand the integral in the form of a 
corresponding series. This is a difficult task. 

In the present paper we construct a different (non-integral) representation for the 
superstring free energy. This representation is quite convenient both at high and at low 
temperatures, because it is given in terms of a Laurent series. What is more interesting, 
the Hagedorn temperature appears in this formalism as the radius of convergence of the 
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Laurent series. 

Let us start with the discussion of the free energy in field theory at non-zero tempera- 
ture. It is quite well-known that the one-loop free energy for the bosonic (b) or fermionic 
(f) degree of freedom in d-dimensional space is given by 

where (5 is the inverse temperature, U). — V/s^ + m^, and m is the mass for the corre- 
sponding degree of freedom. Expanding the logarithm and performing the (elementary) 
integration one easily gets (see for example [9]) 

oo 

n=l 

oo 

Ff = -5^(-l)'^(/9n)-'^/V-'^/'2i-'^/'m'^/2^d/2(/3nm), (2) 

n=l 

where Kijii2{z) are the modified Bessel functions. Using the integral representation for the 
Bessel function 

Ka,2{z) = \ (0''' [ ds ,-i-^/^e--V(4.), (3) 
one can obtain the well-known proper time representation for the one-loop free energy: 
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Expression (4) is usually the starting point for the calculation of the string free energy 
in the canonical ensemble (then is the mass operator and for closed strings the corre- 
sponding constraint should be taken into account). 

Let us now consider a different representation (in terms of a Laurent series) for the 
bosonic or fermionic field free energy in a c?-dimensional space-time. In field theory such 
a representation has been introduced in refs. [10,11]. We start from the obvious identity 

/rf'^/(^) = |^/rf^fc'-V(fc). (5) 
Using it and upon integration of (1) by parts, we obtain 

(47]-)(l-'^)/2 f 2 d-1 1 
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For the factor in the integrand, ^e^"* , we shall use the Mellin transform in the 

following form [12] 

where Re s = c, c > 1, for bosons and c > for fermions, C,^^\s) = ((s) is the Riemann- 
Hurwitz zeta function and C^+\s) = (1 - 2^-") ({s) = En=i(-1)''"^^"*, Re s > 0. 
Substituting (7) into (6), we get 

- - (i-\)m-m) l""'^^^L^ <i.c«Mr(.)rx-'. (s) 

Integrating over k with the help of the Euler beta function B{x, y) — T{x)T{y)/T{x + y) 
(notice that, owing to absolute convergence, the order of integration over k and s can be 
interchanged), we obtain 

/ dk^ k'-\^^- = (m^r-y^B ^) = (rn^'-'^^^-^^f^^, Res>d. 

(9) 

Finally, one gets [10] 

Fbj = -2-V^-'^)/2 / (i5r(g) ) \( C^^\s)(3-'{m^)^'^-'y\ Res>d. (10) 
2m Jc-ioo r f ] 

This is the main expression which will be used for the calculation of the one-loop string 
free energy. Notice that the new formula (10) is quite different from the usual one (4). 
For string theory one can write the representation (10) in the form 

^bosonic string = -2-V-<^)/^— r(.)^^C(^)r^Tr (M^)('^-)/^ 

d = 26, 

-I I ■ F / s—d\ 

^superstring = -^"'^'^^'"'^^'^ r(.)p|^C(5)(l - 2-^)/?-^Str (M^)(^- 

d= 10. 

Here is the mass operator and for closed strings the constraint should be introduced 
via the usual identity [1]. It is interesting to observe that the fermionic contribution to 
the free energy can be obtained from the bosonic one with the help of (10). The closed 
result is [13] 

F^(/?) = -(2F,(2/3)-F,(/3)). (12) 



For bosonic strings the mass operator contains both infrared (due to the presence of 
the tachyon in the spectrum) and ultraviolet divergences, while for superstrings it contains 
only ultraviolet divergences. Hence, the consideration of superstrings will be much simpler 
from a technical point of view. 

In what follows we shall consider open superstrings only, leaving the (more involved) 
discussion of closed superstrings and bosonic strings to another work. For the open 
superstring (without gauge group) the spectrum is given by (see for example [14]) 

d—2 oo 

M'^2Y^Y.^{K^ + Ni), d^lO. (13) 
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In order to calculate Str (M^)^'^ it is convenient to use the heat-kernel representation 
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For d = 10, it is known that 
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According to (10), Re s > 10. This is why, for s < 10, expression (16) contains the 
ultraviolet divergences (t — > 0). 

Let us now analytically continue the integral (16) to the complex s-plane. Recall that 



T 



^"2 



9,{0\e-') = v^^2 (0|e-V*) = J2 exp 

' * n=-oo 



and therefore 
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Hence, one can identically regularize the integral (16) in the following way 
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Since the regularization of the integral dx x-^ as an analytical function of A gives 
J^dxx^ — 0, it turns out that the last integral in (18) is equal to zero. Moreover, we 
have 
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and therefore 

Str(M')5- 
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In (22) the infrared cutoff parameter has been introduced. Such a regularization is 
necessary for s > 4. On the next stage of our calculations this regularization will be 
removed (// cx)). 

For the one-loop free energy, we obtain 
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Here 
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The meromorphic function (f{s) has first order poles at s = 1 and s — 2k, k — 1,2, 

The meromorphic function ■0(s) has first order poles at s = 1. The corresponding residues 
are 



Res {^{s),s = 2k) = (1 - 2 
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and 
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The pole of ip for s = 1 is also of first order but its residue is imaginary. There are no 
further poles contributing to the integral. One can see that the regularization cutoff in 
the infrared domain is removed automatically. 
Finally, we obtain 



-^superstring — ^ w 



Res ((/?(«) , s = 2A;) + Res (V'(s) , s = 1) 
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(28) 



with 



A(k) = (-if^U^"' - l)7r^^ ^ , (29) 

4r(A; + i)r(fc + l) 

where B2k are the Bernoulli numbers. 

Eq. (28) is the main result of this paper. It gives the Laurent series representation 
of the open superstring free energy. This representation is very convenient, both for low 
temperature and for high-temperature calculations. In fact, the only thing to do in any 
case is to take the neccessary amount of relevant terms of the series (28). Notice, once 
more, that this series is not just an expansion: it actually provides the exact result for 
any value of f5 for which the series exists. 

Let us discuss this point in more detail, namely the convergence condition for the 
Laurent series (28). The usual convergence criterion (of quocients) reads 

For g < 1 the series is convergent. Hence, expression (28) is convergent when p > — 
27r, the Hagedorn temperature [1-4]. That is, the Hagedorn temperature provides the 

convergence radius of the above scries, and vice-versa. It is interesting to notice that the 
coefficients of the main part of the Laurent series (28) are defined in the following way 

A{k) = ^J^dpp''-'F{(3), (31) 

where C is an arbitrary, closed integration path interior to the convergence circle of the 
series. The radius of this circle of convergence corresponds to the critical temperature. 

To summarize, in the present paper we have developed a formalism in which the 
string free energy is expressed as a Laurent series. The advantages of this formalism are 



appealing. To begin with, our representation is exact. Furthermore, it is very convenient 
both at low and at high (near Hagedorn) temperatures, because (as is clear) one can easily 
estimate F{P) from (28) to any required accuracy. Due to technical reasons, here we have 
limited ourselves to the case of open superstrings. The Laurent series representation for 
bosonic strings and for closed superstrings will be discussed in another work. 
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